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Abstract 

The Carlitz Fq-algebra C = C v , v £ N, is generated by an algebraically closed 
field fC (which contains a non-discrete locally compact field of positive characteristic 
p > 0, i.e. K ~ F 9 [[x,x -1 ]], q = p u ), by the (power of the) Frobenius map X = X v : 
f ^ f q , and by the Carlitz derivative Y = Y V . It is proved that the Krull and global 
dimensions of C are 2, a classification of simple C-modules and ideals are given, there 
are only countably many ideals, they commute (IJ = J I), and each ideal is a unique 
product of maximal ones. It is a remarkable fact that any simple C-module is a sum 
of eigenspaces of the element YX (the set of eigenvalues for YX is given explicitly 
for each simple C-module). This fact is crucial in finding the group AutF 9 (C) of 
F g -algebra automorphisms of C and in proving that two distinct Carlitz rings are 
not isomorphic {C v 9^ if v 7^ fi). The centre of C is found explicitly, it is a UFD 
that contains countably many elements. 

Mathematics subject classification 2000: 16G99, 16D30, I6P4O, 16U70 

1 Introduction 

In this paper, module means a left module. Recall that Ai(F) = F(X, d \ dX — Xd = 1) 
is the first Weyl algebra over a field F. Let k and I — l p be fields of characteristic zero and 
p > respectively. The first Weyl algebras Ai(k) and A{1) have very distinctive properties, 
name just a few: Ai(k) is a simple algebra but A{1) is not (there are finite and infinite 
dimensional factor algebras of A(l)); Ai(k) has a small centre (equal to k) but A{1) has a 
big centre (equal to a polynomial algebra l[X p ,d p ] in two variables); the Krull and global 
dimensions Kdim(Ai(A;)) = gl.dim(Ai(fc)) = 1 but Kdim(Ai(/)) = gl.dim(Ai(Z)) = 2; the 
classical Krull dimension cl.Kdim(Ai(/c)) = but cl.Kdim(Ai(/)) = 2; the algebra A\(k) 
has no nonzero simple finite dimensional modules but all the simple modules over the 
algebra A(l) are finite dimensional; only a tiny bit of simple ^(/^-modules are weight 
modules but all simple j4i(Z)-modules are weight and finite dimensional over 

The Carlitz algebras C u exhibit properties that are "in between" of that of Ai(k) and 
Ai(l): the centre of C v is very small (it contains countably many elements), Kdim(C Iy ) = 
gl.dim(C i/ ) = 2 and cl.Kdim(C I/ ) = 1, all simple C^-modules are weight but there are plenty 
of simple infinite dimensional and finite dimensional GVmodules over /C, every factor ring 
of C is infinite dimensional over JC. 



The paper has the following structure: In Section we recall the definition of the 
Carlitz algebras and prove that they are generalized Weyl algebras. Using this fact, in 
Section El a classification of simple C-modules is given using some results of [2j and |lj 
(Theorems 13 . 1 1 and 13.5)) . The Carlitz algebras have pleasant representation theory due to 
the fact that every simple module is weight (i.e. a direct sum of eigenspaces for the element 
YX, Corollary 13. 4|) . Any nonunit element of C has finite dimensional kernel and cokernel 
over K, on any simple C-module (Theorem I3.6|) . 

In Section HJ the ideals of C are explicitly described ( Theorem 14.1)1 . name just a few 
(rather peculiar) results: ideals commute (IJ = J I), and there are countably many of 
them, every ideal is a unique product of maximal ones (as in the case of the ring of 
integers), each simple factor ring is infinite dimensional over K, and has Krull and global 
dimension 1. The centre of C is found (Lemma 14.21 (3)). it is a UFD and contains countably 
many elements. 

In Section |3J it is proved that two distinct Carlitz algebras are not isomorphic (Theorem 
15.1)1 and the groups Aut(C) and Aut^(C) of ring automorphisms and of /C-automorphisms 
are found explicitly (Theorem 15.2)1 . 

In Sectional it is proved that the ring C has Krull and global dimension 2. 

2 The Carlitz algebras are generalized Weyl algebras 

Generalized Weyl algebras. Let D be a ring with an automorphism a and a central 
element a. A generalized Weyl algebra (a GWA, for short) A = D(o~,a) of degree 1, is 
the ring generated by D and two indeterminates XanF subject to the relations pQ: 

Xa = o~(a)X and Ya = cr _1 (a)Y, for all a G D, YX = a and XY = a (a). 

The algebra A = ® n & A n is a Z-graded algebra where A n = Dv„ , v n = X n (n > 0), v n = 
Y~ n {n < 0), v o = 1. It follows from the above relations that 

v n v m = (n, m)v n+m = v n+m <n,m> 

for some (n, m) = o~~ n ~ m (< n,m >) G D. If n > and m > then 

n>m: (n,-m) = a n (a) ■ ■ ■ a n - m+1 {a), (-n,m) = a~ n+1 (a) ■ ■ ■ (j- n+m (a), 

n < m : (n, —m) = a n (a) ■ ■ ■ o~(a), (— n, m) = a~ n+1 (a) ■ ■ ■ a, 

in other cases (n,m) = 1. 

Let K[H] be a polynomial ring in one variable H over the field K, a : H — > H — 1 
be the i^-automorphism of the algebra K[H] and a = H . The first Weyl algebra A% is 
isomorphic to the generalized Weyl algebra 

A 1 ~ K[H](a, H), X <-> A, d «-> Y, dX <-> H. 

The Carlitz algebras. Any non-discrete locally compact field of positive characteristic 
p > is isomorphic to the field K = ¥ q [[x,x~ 1 }} of Laurent series with coefficients from 
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the Galois field ¥ q that contains q := p v elements v G N. A typical nonzero element A of 
K is a series J2iL m ^ iX% wnere G Z, Aj G ¥ q , \ m ^ 0. The field K is equipped with a 
non-archimedian absolute value |A| := q~ m which can be extended onto the the completion 
of an algebraic closure K of the field K. Let K, be an algebraically closed field extension 
of K. We denote by F : a i— ► F(a) := a p the Frobenious map of /C (if or F 9 ), and let 
a = o v := F v where q := p v . The fields /C, if and ¥ q are topological fields with respect to 
the p-adic filtration induced by | • | , and the maps F and a are continuous. The action of 
F and a on JC can be extended to the action on the set of maps JF from K to JC by the 
rule F : f *—>■ f p and X : f ^ f q where X = X u denotes the extension of the a (we have 
introduced another letter in order to avoid confusion later). There are two distinguished 
maps A and Y from T to T : 

the difference operator : Au(t) := u(xt) — xu(t), u(t) G J 7 , 
the Carlitz derivative : Y :— \^K. 

The Carlitz algebra C = C v is the subalgebra of Endp {T) generated by the iso- 
morphic copy of the field fC in the endomorphism algebra EndF 9 (JF) (JC — > EndF g (^ r ), 
A i — ► (u i — > Am)) and the maps X = X v and Y = Y u . 

The elements X and K satisfy the following relations [7j: 

yx-xy = [i]«, x\ = \ q x, y\ = \W (Ag/c), 

where [1] := — x + x 9 . The algebra C is a Noetherian domain and any element of the 
algebra C is a unique sum Yl \ijX % Y^ where A^ G K, |H]. It follows immediately that the 
map 

C -> IC[H](a,H), IhI, FhF, YX ^ H, A i-> A (A G /C), 
is an Fq-algebra isomorphism (as the GWA /C[if](cr, if) = © i6 z/C[ii]fi) where 

a G Aut(/C[ii]) : H^H-\ U A i-> A 9 (A G JC), 

and Ai := [1]5 = — x~i + x. So, the Carlitz algebra is the generalized Weyl algebra C = 
D(o~,H) with coefficients from the polynomial algebra D := JC[H] with coefficients from 
the field /C. Since the polynomial algebra D is a Noetherian domain then so is the GWA 
C, by j2], Proposition 1.3. Note that the Carlitz algebra is an algebra over the finite field 
F q and is not an algebra over K, or even over F ? *, % > 2. 

3 A classification of simple modules over the Carlitz 
algebras 

The representation theory of GWAs are well understood, see for example |2; and j3j. We 
use some of the results of these two papers to give a classification of simple modules over 
the Carlitz algebras. A surprising feature is that all simple C-modules are weight modules 
(that is H acts as a semi-simple linear map). 
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Let JC(H) = S^^^D the field of fractions of D where S = D\{0}. The localization 
B = S^C of the ring C at S is the skew Laurent polynomial ring B = K.(H)[X, X^ 1 ; a] 
with coefficients from the field JC(H). We may identify the ring C with a subring of B via 
the ring monomorphism 

C -+ B, IhI, 7h HX~\ d^d(deD). 

The ring B is an Euclidean ring (a left and right division algorithm with remainder holds), 
hence a principal left and right ideal domain. We have the partition of the set C of 
isoclasses of simple C-modules 

C = C{D- torsion) U C{D - torsionfree) , (1) 

where a simple C-module M is D-torsion (respectively, D-torsionfree) if S _1 M = (re- 
spectively, S~ l M ^ 0). We will see shortly that C(D — torsionfree) = (Corollary IH.4J) . 

Max(D). Let G = (a) be the subgroup of the group of ring automorphisms Aut(D) of 
D generated by the element a. The group G acts in the obvious way on the set of maximal 
ideals of the algebra D, 

Max(D) := {D(H - A) | A G K} ^ K, D(H - A) <-> A. 

So, the orbit O of an element p G Max(D) is 0(p) = {a l (p),i G Z}. In more detail, if 
p = D(H — A) for some A G K, then an easy induction gives that for each A G K, and each 
natural number n > 1: 

<r n (# - A) = if - Ai - \\ Af^-A 9 ", (2) 

a-"(H - A) = H + Ai + \t + ■ ■ ■ + Xf^ - (3) 

An orbit is called cyclic of length n (respectively, linear) if it contains a finite (respectively, 
infinite) number n = \0\ of elements. The set of cyclic (resp. linear) orbits is denoted by 
Cyc (resp. Lin). An orbit is called degenerate, if it contains a maximal ideal p such 
that H G p (such ideals are called marked). We denote by Cyce? and Lmd (resp. Cycn and 
Linn) the set of all degenerate (resp. non-degenerate) cyclic and linear orbits, respectively. 

Each linear orbit 0(p), via the map 0(p) — > Z, cr*(p) — > z, may be identified with the 
set of integers Z. Therefore, for 0(p) G Lin we may use, without mentioning it explicitly, 
all the definitions and notations which are employed for Z (such as the order, the segment, 
the interval, etc.). For example, cx l (p) < a j (p) iff i < j; (— oo, p] := {o-*(p),i < 0}, etc. 
Marked ideals pi < • ■ ■ < p s of a degenerate linear orbit O divide it into s + 1 parts, 

r\ = (_ 00) Pl ] ; r 2 = (pi, p 2 ], . . . , r s+ i = (p fl , oo). 

We say that maximal ideals p and q from a linear orbit are equivalent (p ~ q) if they 
belong either to a non-degenerate orbit or to some IV 
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Weight C-modules. An C-module V is weight if is semi-simple, i.e. 

V = ©peMax(D) V p 

where V p = {v G V : pv = 0} = {the sum of simple -D-submodules which are isomorphic 
to d(D/p)}, the component of V of weight p. The support Supp(V) of the weight module 
V is the set of maximal ideals p such that V p ^ 0. 
Since 

XVp C K( P) and FFp C V a - Hp) , 

each weight C-module V decomposes into the direct sum of C-submodules (the orbit de- 
composition) 

V = 0{\/ o |Oisanorbit}, (4) 
where Vq = ®{V p \p E O}. Obviously, for each maximal ideal p of D the module 

C(p) := C/Cp D D/p = iez Vi ® D/p 

is weight (d(vi <8> -D/p) — D/a % (p)) with support C(p). 

Denote by C(weight) the set of isoclasses of simple weight C-modules. Each simple 
weight C-module and each simple D-torsion C-module is a homomorphic image of C(p) 
for some p G Max(D), and so by (JU), 

C(D - torsion) = C(D - weight). (5) 

We denote by C(weight, linear) and C(weight, cyclic) the sets of isoclasses of simple weight 
C-modules with support from a linear and a cyclic orbit respectively. Then the set of 
isoclasses of simple weight C-modules is the following disjoint union: 

C(weight) = C( weight, linear) U C( weight, cyclic). 

The ideal (H) of the polynomial algebra D := JC[H] generated by the element if is a 

n ii 

maximal ideal of D. By (J2J), 7^ Ai for all n > 1 (Ai := [1]* = x — x«), therefore 
the orbit O(H) of the maximal ideal (H) is an infinite orbit. This is the only degenerate 
orbit, this orbit is infinite (i.e. linear), and there are only two equivalence classes in O(H): 
T_ ■= (-00, (H)] and T + := ((H), 00). 

Let Lin/ ~ denote the set of equivalence classes in Lin, that is 

Lin/ ~= T + , 0(p) I where 0(p) is a non — degenerate linear orbit}. 



Theorem 3.1 The map 

Lin/ ~— > C(D — weight, linear), V — > [L(T)], 
is a bisection with inverse [L] — > SuppL (in particular, SuppL(r) = T) where 
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1. ifTe Linn then L(T) = C/Cp, for any p G T, 

2. ifT = (-00, (H)] G thenL- := L(T-) = C/(CH + CX), 

3. ifT = ((H), 00) G thenL + := L(T+) = C / (Ca(H) + CY) . 

dimx;(I/(r)) = |T| = 00 for each [L{V)\ G C(D — weight, linear). 

Proof. This is a special case of Jlj, Corollary 4.1. □ 
Let us give more detail about the simple modules just described. 
The simple weight C-module L_ = @ i>0 KY , Y % := Y l + CH + CX, where the action 
of the generators for the algebra C is given by the rule: 

HY° = 0, HT = -(X 1 + X\ + ■ ■ • + Af 1 > 1, 

XY° = 0, XT = -(Ai + x\ + ■ ■ • + xf ^)T~\ 1 > 1, 
yT = T + \ % > 0. 

The simple weight C-module L + = T := X 1 + Ca(H) + CY, where the 

action of the generators for the algebra C is given by the rule: 

HX° = AiX°, EX = 2AiX, HT = (2X 1 + xj + • • • + Af^CT, 2 > 2, 

yx° = o, yx = x 1 x°, yT = (2Ai + a| + --- + x( = *)x i ~\ i> 2, 
if = x l+1 , z > 0. 

The simple weight C-module 

L = L(T) = C/Cp = (0 KT) O0(0 Kit) 

i>l i>l 

where u := u + Cp, 1 := Y° = X° and p = (H — X) G T G Linn, 

xl ! = yT = T + \ % > o, 

xF = (A - X 1 - X\ Af^F -1 , i > 1, 

YT = (X + X 1 + xl + --- + Xf^ T )T~\ i>2, 

YX = AT. 

The formulas above can be simplified taking into account that, for n > 2, 

Ai + A? + --- + Af = -x^+x< 1 \ 
Ai + X? + • • - + Af = + x. 
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Lemma 3.2 For A G /C and a natural number n, a n (D(H — A)) = D(H — A) iff A G 

Proo/. If n = 1 then <r(.D(i7 - A)) = L>(# - A) iff /i = where /i := A 9 - A + Ai = 
A g — A — s'+x. The polynomial /i of degree q (in A) has q distinct roots since its derivative 

^- = —1^0. It follows from the equality /i(A + /x) = /i(A) + /x 9 — /x that if A is a root of 

i 

the polynomial /i then so is A + /x for each /x G F 9 . Clearly, — a; 1 ? is a root of the polynomial 

i 

/i. Therefore, — xi + ¥ q are the roots of f\. 

Similarly, if n > 2 then, by (J2J), & n {D{H — A)) = — A) iff / n = where 

/ n : = A 9 ™ - A + Ai + Af H h A 9 "" 1 = \ qn - A - x\ + x 9 "" 1 . 

The polynomial /„ of degree g" (in A) has q n distinct roots since its derivative ^- = —1^0. 

It follows from the equality / n (A + /x) = / n (A) + /x 9 ™ — /x that if A is a root of the polynomial 

i 

/„ then so is A + /x for each /x G F ? «. Clearly, -i« is a root of the polynomial f n . Therefore, 
i 

—xi + ¥ q n are the roots of f n . □ 

Recall that the Mobious function /x : N — > {0, ±1} is given by the rule: /x(l) = 1, 
/x(px, . . . p r ) = (— l) r where pi, . . . ,p r are distinct primes, and /x(n) = 0, otherwise. Given 
a function / on N and a second function g defined by the formula g(n) = J2d\n /(^)- Then 
(it is well-known) 

/(n) = 5>(d)<^). (6) 

d\n 

The Euler function if on N is defined by ip(l) = 1 and, for n > 1, v ? (^) = the number of 
natural numbers m that are co-prime to n and 1 < m < n. 

Theorem 3.3 (Classification of finite orbits) Let O = 0\ (A G K) be the orbit of the 
maximal ideal D(H — A) of the polynomial algebra D := K\H\ under the action of the 
cyclic group (a). Then 

i 

1. the orbit 0\ contains a single element iff A G — xi + W q . So, there are exactly q 
distinct maximal a -invariant ideals of the algebra D, 

2. the orbit 0\ contains exactly n>2 elements iff A G -s« + (F g n\ Li m \ n>m ^ n ¥ q m). So, 
there are exactly o n := n^Y^^n^^qd = n~ 1 (/?(g™ — 1) distinct orbits that contain 
exactly n > 2 elements; and o n > rx _1 g n (l — ^y) > 0. 

Proof. 1. This evident (see Lemma f3.2|) . 

2. By Lemma 13. 2\ the orbit 0\ contains exactly n > 2 elements iff A G -i« + 
(Fq7 l \U m | njm ^ n Fgm). Let o n be the number of distinct orbits that contain exactly n elements, 
then f(n) = no n is the number of all maximal ideals of D that lie on all the orbits that 
contain exactly n elements. By Lemma l3~2"l the function g(n) := ^2 d \ n f(d) is equal to 
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I — xi + ¥ q n\ = \¥ g n\ = q n where in this proof 15*1 means the number of elements in a set 
S. Therefore, by (JSj), we have f{n) = n _1 J2d\n ^{d)q~s . Clearly, 

no n > — x i + ¥„n — — x i + ¥„n-i — xi +¥J 



q 

q" — q'° * — — q = q~ — q 



n n-l _ 1 



g-1 



n 1 

> g n -^- = <f(l >0. 

g — 1 q — 1 

Clearly, o n = n~ 1 |F 9 r l \ U m |„ im ^ n ¥ q m\ = n _ V(<? n - !)• □ 
Corollary 3.4 C(D — torsionfree) = 0. 

Proof. By jl], Theorem 5.14, C(D — torsionfree) = iff there are infinitely many cyclic 
orbits, and the result follows from Theorem 13.31 (2). □ 

C( weight, cyclic), simple finite dimensional (over /C) C-modules. For a natural 
number n, set 

C[n] = Ci n , 

the Veronese subring of C. The ring C considered as a left (or right ) C[ n ]-module is 
(Z n = Z/nZ)-graded, 

C = ff) Ci, where C- t = (-R Ci +n j, i = i + nZ. 

It means that C[ n ]C\ C Ci for all i e Z n . Moreover, it is a Z n -graded ring (i.e. CiCj C Ci + j 
for all i, j G Z„). 

Let (9 be a cyclic orbit which contains n = \0\ elements. For a maximal ideal p £ O 
(cr n (p) = p), let us consider the factor ring 

C[ n ] lfl := C w /(p) 

of C[ n ] modulo the ideal (p) = © ieZ (pfm = ^mp) of C[ n ] generated by p. Since every cyclic 
orbit is a non-degenerate one, the algebra C[ n ] jP = /C[X n , X - ™; <r n ] is the skew Laurent 
extension with coefficients from the field /C. Since K, is a field and a™ is an automorphism 
of the field /C, the ring C[„] jP is a left principal ideal domain and a right principal ideal 
domain. This means that every left (and right) ideal of the ring C[ n ] )P is generated by a 
single element. The reason for this is that in the ring C\ n ]$ the left (and right) division 
algorithm with remainder holds. So, any left simple Cu^ -module has the form C^vp/ C[ n ] iP 6 
where b is an irreducible element of C[ n i )P . 

Let M be a simple C-module with support from a cyclic orbit, say O, that contains 
n = \0\ elements. It follows from the weight decomposition 

M = 0M P 
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that M p is a simple C[ n ] iP -module for each p G Supp(M), and 

C;Mp C M CT i (p) for all i G Z n . 

It follows that M ~ C <E>C[„] p f° r eacn P £ Supp(M), and so we have the following 
theorem. 

Theorem 3.5 1. 

C(weight, cyclic) = U n >i UoeCycn C(0) 

where C(0) is the set of isoclasses of simple weight C-modules with support from the 
orbit O , and Cyc n is the set of all the cyclic orbits that contain exactly n elements. 

2. For each orbit O G Cyc n and a fixed element p G O, the map 

C [n] , p ^C(0), [N] » [C ®c lnhP N], 

is a bisection where C[„] jP is the set of isoclasses of simple C^^-modules. 
Theorems 13.11 and 13.51 classify the simple C-modules. 

Finite dimensionality of kernels and cokernels. In jH], McConnel and Robson 
proved that for a simple module M over the first Weyl algebra Ai(F) over a field F of 
characteristic zero and for any non-scalar element u of Ai(F), dimp(kei um) < oo and 
diHip(coker %) < oo where Um '■ M — > M, m i— > um. This result is also true for some 
GWAs see j2], and for the Carlitz algebras. 

Theorem 3.6 Let M be a simple C-module and u G C\JC. Then dim^ker w M ) < oo and 
dinnc(coker um) < oo. 

Proof. The result is obvious if the module M is finite dimensional over /C. So, let us 
assume that the module M is infinite dimensional over /C, that is M is from Theorem 13.11 
The C-module M is a Z-graded module, each graded component is a 1-dimensional vector 
space over the field /C (see the description of modules after Theorem 13. 1|) . 

If u G D then the kernel and cokernel of the map Um coincide, and their common 
dimension over K, does not exceed the number of distinct roots of the polynomial u G D : = 
K[H\. 

If u = aX % or u = aY l for some i > 1 and O^aeD then the dimension of the kernel 
and cokernel of the map um over K, does not exceed i+ the number of distinct roots of the 
polynomial a. 

Finally, if u = av n + j3v n -i + • ■ • + jv m , n > m, a and 7 are nonzero polynomials of D. 
Since 

ker*; u M Q ker^ {av n ) M + ker/c {jv m ) M , 

we have dim^(keru A /) < 00. 

Note that M = © ieZ Mj is a Z-graded C-module where Mj is a weight component of 
dimension 1 over K. Let k = \n\ + \m\ and M = Uj>oM jf where M- 7 := ©_fc,-<j<jy Mi. 
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Since dim K (keTU M ) < oo, uM j C M-? +1 for all j > 0, and dim K (M j+1 ) - dimjc(AP") = 
2k = const, we have, for all j > 0, 

dim K (M j+1 /uM j ) = dim K (M j+1 ) - dimjc(uM J ') 

< dimjc(M J ' +1 ) - (dim K (M j ) - dim/e(keru M )) 

= dim /c (M' ? ' +1 ) - dim yc (M i ) + dim^ker u M ) 

= c = const < oo. 

Therefore, dim^(coker um) < c < oo. □ 

4 The prime spectrum and the ideal structure of the 
Carlitz algebras 

In this section, the following theorem will be proved that completely describes the ideal 
structure of the Carlitz algebra. 

Recall that Cyc n denote the set of all the finite orbits that contain exactly n elements. 
By Theorem 13.31 (2). < \Cyc n \ < oo. For each orbit O G Cyc n and any A such that 
D(H - A) G O, let 

n-l 

a :=\[cr\H-\). (7) 

i=0 

Clearly, ao is a central element of the algebra C (since cr n (H — \) = H — f n (X) — A = H — A, 
see the proof of Lemma l3~2~J) . ao is a monic polynomial of JC[H] which is does not depend 
on the choice of A. The polynomial ao is the only monic polynomial which is a generator 
for the ideal Ylpeo P °f ^he algebra D. 

Theorem 4.1 1. Every nonzero prime ideal of the Carlitz algebra C is a maximal ideal. 

2. Maximal ideals of C commute, mn = nm. 

3. Each nonzero ideal I of C is a unique finite product of maximal ideals of C: I = 
rimeMax(c) m. n( - m ) f or some n(m) > all but finitely many n(m) = and if I = 

rimeM^(C) m " (m) = rimeMax(C) m ' (m) thtU n ( m ) = l ( m ) f 0r dl m - S °' dl %dmls COm " 

mute. 

4- The map Cyc — > Max(C), O i-» := CTlpeoP = ^ a o, a bijection with inverse 
m i — ► Supp(C/m). 

5. For each O G Cyc, the factor algebra C/vcio — M n ()C[t, o~ n }) is the n x n ma- 
trix algebra with coefficients from the skew Laurent extension JC[t, t~ l ; a n ] where 
n = \0\, the number of element in the orbit O. The centre Z(C/xtio) — l^V and 
Kdim(C/mo) = gl.dim(C/mo) = 1- 
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6. The factor algebra C/mo is a domain iff' O = {p} where p is a a-invariant maximal 
ideal of the algebra D. There are exactly q such ideals (Theorem YS. 

7. The factor algebras C/mo an d C/mo 1 are isomorphic over ¥ p iff \0\ = \0'\. 

In order to prove Theorem 14. 1[ we first establish some preliminary results that are 
interesting on their own. 

The next result describes the centre of the algebra C and its localization B. 

Lemma 4.2 1. For each natural number n, the skew Laurent extension JC[t, i -1 ; a n ] is 
a simple ¥ q -algebra with centre ¥ q n. 

2. The algebra B = S^C = JC(H)[X, X^ 1 ; o~] is a simple algebra with centre Z(B) = 

i^q TloeCyc a o I n (C*) G Z and all but finitely many n(O) = 0} that contains count- 
ably many elements. 

3. The centre Z(C) = {¥ q YloeCyc I n (^) — an d a ^ but finitely many n(O) = 0} 
is a unique factorization domain that contains countably many elements. 

Proof. 1. For each natural i, := {A G K \ A = o m \X)l\ qn '} = ¥ qni . We claim that 
the centre Z of the F p -algebra R := JC[t, cr n ] belongs to the field /C since otherwise we 
would have a nonzero central element of the form z = Xt m + • ■ ■ for some and 
7^ A G /C where the three dots mean elements of strictly higher or strictly lower degree 
in t. For any /i G fC\¥ qn \m\, \iz — z\i = (// — a nm {ji))\t m + ■ • • ^ 0, a contradiction. An 
element A G /C commutes with t iff A G ¥ q n. Therefore, Z = ¥ q n. 

By PU], 1.8.5, R is a simple ring. 

2. Similarly, by jTUj, 1.8.5, B is a simple ring. By exactly the same reason as in the 
first case, Z(B) C K{H). Clearly, ¥ q UoeCyc a o 0) £ We have to 

prove that any 

nonzero element z G Z(B) can be written in this form. The rational function z is equal to 
7^ where f,g G /C[i7] are co-prime monic polynomials and 7 G /C. 

If 2 = 7 then 7 = X7X -1 = (7(7) , and so 7 G ¥ q , and we are done. 

So, suppose that z 7^ 7. Since z = X n zX _n = cr™(z) for all n G Z, and since / and 
g are co-prime we see that / and g are equal to finite products of the form TJ with 
n{0) > 0. Then 7 G Z(S), and so 7 G ¥ q . 

3. Clearly, Z(C) C Z(B), and the result follows from statement 2. □ 
Recall that Cyc n = {O G Cyc | |C| = n}. 

Lemma 4.3 For each O G Cyc n , 

1. the ideal Cao = ctoC of C generated by the central element ao of C is a maximal 
ideal, and 

2. the factor ring C '/Cao — M n (1C\t,t~ x \ o~ n ]), the matrix algebra with entries from the 
skew Laurent extension /C [t, t — 1 ; a n ]. 
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3. The centre Z(C/Ca ) ^ F q , 



Proof. There are obvious C-module isomorphisms (where p G O): 

C/Ca ^ C® D D/Da ^C® D {®^ 1 D/a\p))~®^ 1 C® D D/(j i {p) 
~ $% =1 C® D D/p~{C® D D/p) n . 

Now, there are obvious F ? -algebra isomorphisms: 

C/Cao ^ End c/Cao (C/Cao)~Endc((C® D D/p) n )~M n (End c (C® D D/p)) 

~ M n (End C[n] (C Nil3 )) ~ M ft (Endc [n]iP (q n ], P )) ^ M n (C [n]tP ) ~ M n (K[t, r 1 ; a"]). 

This proves the second statement. By Lemma fOj C/Cao is a simple algebra, hence Ccte> 
is a maximal ideal. The third statement follows from Lemma [4.21 (1). 

Z(C/Ca ) ^ Z(M n {K,[t,r l ](j n \)) - ^(^M"V1) □ 

The next corollary describes the annihilators of simple C-modules. 

Corollary 4.4 1. annc(L) = for any [L] G C( weight, linear). 

2. ann c (L) = Ca S up P (L) for any [L] G C( weight, cyclic). 

Proof. 1. This follows immediately from Theorem 1.11 1 and the description of the modules 
that follows Theorem 1.111 

2. Let O = Supp(L). Then clearly, CotoL = 0, and by maximality of the ideal Ccto 
( Lemma 14.31 (1)) we must have annc(L) = C«e>. d 

Proof of Theorem 14.11 1. Let / be a proper ideal of the algebra C. Since the 
algebra B = S~ 1 C is a simple algebra ( Lemma 14.21 (2)). we must have S 1-1 / = B, and so 
the C-module C := C/I is a torsion one (S^C = S- l (C/I) ~ S^C/S^I = 0). Its orbit 
decomposition 

C = 0C°, C°:=ann^), 
o 

contains only finitely many summands (as C is a Noetherian module) and all the O must 
be cyclic (since otherwise, there exists O G Lin, then Cq contains a simple submodule, say 
L, with support from an equivalence class of O, then 0^1 = ann^C) C annc(L) = 0, by 
Corollary 14.41 a contradiction). Suppose that 0%, . . . , O s are the cyclic orbits involved in 
the orbit decomposition above and a.\ := oto 11 ■ ■ ■ , ot s := ao s are the corresponding central 

Q. 

polynomials. There exists a natural number n such that a"C = for all i. Therefore, 
C rii=i a i — I- If is a prime ideal then Ccti C I for some i, and then / = C«j since C«j 
is a maximal ideal (Lemma 14.31 (1)). 

2. We have just proved that any maximal ideal m of the ring C is equal to the ideal 
generated by a central element olq- Now, it is clear that maximal ideals commute. 
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4. Clearly, the map Cyc — > Max(C), O \— > mo := Cao is a bijection with inverse 
m h- > Supp(C/m). 

5 and 6. Lemma f4.3| the (left and right) global dimension gl.dim(C/mo) = 1 (by [TO] . 
7.9.18) and the (left and right) Krull dimension Kdim(C/mo) = 1 (by (THj, 6.5.4). 
7. If C/m ^ C/m > then, by Lemma Ql (where n = \0\ and n' = \0'\) 

¥ q n ~ Z(C/mo) ^ Z(C/m >) ^ F^, 

and so n = n'. 

If n = n' then by Lemma f4. 31 

C/m ~ I„(K[i,rVl) - C/mo/. 

3. Let I be a proper ideal of the ring C, we keep the notation of the proof of statement 
— o — o 

1. The component C is equal to the union U^iami^G^), and so C is a two-sided ideal 

— o 

of the algebra C. Since C is a Noetherian C-module the chain 

anmj(ao) C ann^a^) C • - • 

must terminate, say on n step, that is C = ann^a^ ). Since the polynomial ao & D 
has only simple roots, it follows that for the C-bimodule C jCa % is a uniserial bimodule of 
finite length, and the bimodule structure is given by the descending chain of C-bimodules: 

C D Ca a D Co? D ■ ■ ■ D Ca^ 1 D Ca^ 

and each subfactor CoPq/CoPq 1 ~ C/Ca a ~ /C[t,t _1 ; <r n ] (n = |C|) is a simple algebra = 
a simple C-bimodule ( Lemma I4.3J) . Now, there exist unique numbers rii such that 

c = 0c° j = 0c/c«r = c/c*n«r. 

i=l i=l i=l 

Taking the annihilator we have 

s s s 

I = ann c (C) = ann c (C/C JJa™ 1 ) = C]!^ = II m ^ 

i=l i=l i=l 

Note that I f] D = D Yii=i a T an d the uniqueness of the rij now is obvious. Clearly, 

J = C(/ n D) = (/ n D)c = C(i n z(C)). □ 

In fact we have proved the following corollary. 

Corollary 4.5 1. If I is an ideal of C then I = C(I f] D) = (I (1 D)C = C(I fl Z(C)). 
2. If I and J are ideals of C then I=JifflC]D = Jf]D ifflnZ(C) = JnZ(C). 
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5 The group of automorphisms Aut(C) and the iso- 
morphism problem for the Carlitz algebras 

Theorem 5.1 Two distinct Carlitz rings are not isomorphic. 

Proof. Given two distinct Carlitz rings C v and with v < /i, and so p v < p^ . Then, 
by Lemma [4. 31 (3) and Theorem 14.11 the isomorphism invariant numbers 

f = wm{\Z(C v /C v mo)\=irW \OeCyc}, 
p" = mm{\Z(C fl /C^m >)\=p fim \ O'eCyc], 

are distinct. Therefore, the rings C v and C M cannot be isomorphic. □ 

For a domain R, let R* := i2\{0}. In particular, fC* is a multiplicative group. 

Theorem 5.2 1. The group of ring isomorphisms of the ring C = C v , Aut(C) = {r = 
T"a,7,«5,u; : X h-> aX, Y 7a~ 1 (a" 1 )F | where a G K* , 7 G F*„ ; 5 G F p «, a; G Aut(/C) 
snc/i i/iat = jx + 5}. 

2. The group of ^-isomorphisms of C = C v , Autjc(C) = {r = r a : X i— > aX, Y \— > 
a' 1 (a' 1 )Y I where a G /C*} ~ K,*. 

Proof. 1. Given r G Aut(C). Then r induces the ring isomorphism of the centre of 
C . By Lemma [4.21 (3) and Theorem 13.31 we must have t(H) = j(H + e) for some 7 G F* 
and e G ¥ q . The algebra C is the GWA, and so C = (BiezCi is a Z-graded algebra where 
Ci = Dvi is an eigenspace of the inner derivation ad(iif) : C — > C, c 1— > [if, c] := ifc — cil, 
that corresponds to the eigenvalue given by the rule 

Ax + X\ + • • ■ + Xf 1 = -x\ + x 9 " 1 , if % > 1, 

-Ai-A x 9 Af 1 =-a; + a;? ! , if z < -1, 

0, if i = 0, 

that is, Ci = {c G C \ [H,c] = tic\. Note that all the are distinct. Since Cj = C{ and 
C_j = C l _ x for all z > 1. We must have either r(C±i) = C±i or, otherwise, r(Ci) = C_x 
and 7"(c_x) = Ci. 

In the first case, t(X) = aX and r(y) = f3Y for some a,/3 G D*. Applying r to the 
identity YX = H we have the identity /5o" _1 (a;)if = j(H + e), therefore (3 = 7cr _1 (a~ 1 ), 
a, (3 G /C*, and e = 0. Applying r to the identity YX — XY = Ai and then dividing by 7 we 
get YX — XY = 7~ 1 r(Ai), therefore, r(Ai) = 7A1, equivalently, (r(x) — 72)^ = t(x) — -yx, 
and so r(x) = 72 + 5 for some 5 G ¥ g . The units of the ring C form the set JC*, therefore 
the r induces an automorphism of the field /C, say u := r\fc- Thus r = r ai7i 5 iaJ . One can 
easily verify that r aat s >u G Aut(C). 

Let us show that the second case is impossible. In the second case, t(X) = aY 
and t(Y) = f3X for some a, (5 G D* . Applying r to the identity YX = H we have 
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j(H + e) = f3a(a)XY = /3a(a)(H — Ai) which is impossible since e e¥ q and Ai G" ¥ q . So, 
the second case is vacuous. 

2. Since uj = t\ic = the identity map and x G /C*, we must have 7 = 1 and 5 = 0, and 
the result follows from the first statement. □ 

6 The Krull and the global dimensions of the Carlitz 
algebras 

The global dimension of the Carlitz algebra. The global dimension, gl.dim, means 
the left or right global dimension. 

Theorem 6.1 Theorem 1.6) Let A = D(a,a) be a GWA where D is a commutative 

Dedekind domain, Da = p™ 1 • • -p" s be a product of distinct maximal ideals of D. Then the 
global dimension of the algebra A is equal to 

if a = or 3 ni > 2, 

if either a ^ 0, n\ — • ■ ■ — n s — 1, s > 1, or a is invertible; and either 
Cyc 7^ or 3 i ^ j s.t. c k (pi) = pj for some k > 1, 
otherwise. 

Corollary 6.2 The global dimension of the Carlitz algebra is 2. 

Proof. In the case of the Carlitz algebra C, we have D = JC[H] and a = H, and 
Cyc 7^ 0. Therefore, by Theorem EEH gl.dim(C) = 2. □ 

The Krull dimension of the Carlitz algebra. The Krull dimension, Kdim, means 
the left or right Krull dimension. 

Let R be a commutative Noetherian ring and a G Aut(i?). A prime idea p of R is called 
a-semistable if <r n (p) = p for some natural number n > 1. If there is no such n the ideal p 
is called a-unstable. ht stands for the height of the prime ideal p. 

Theorem 6.3 (JJfl, Theorem 1.2) Let R be a commutative Noetherian ring with Krull di- 
mension Kdim(i?) < 00 and A = R(a, a) be a GWA. Then its Krull dimension Kdim(A) = 
max { Kdim ( R), ht p + l,htq + l|p is a a-unstable prime ideal of R for which there exist 
infinitely many i with a G cr l (p); q is a a-semistable prime ideal of R}. 

Corollary 6.4 The Krull dimension of the Carlitz algebra is 2. 

Proof. Note that Kdim(D) = 1 and so, by Theorem 16 .H| Kdim(C) < 2. There exists 
a maximal ideal p of the algebra D such that a(p) = p. Then, by Theorem EES! we must 
have Kdim(C) = 2 since ht p = 1. □ 



gl.dim(A) = 
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